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Mathematical analysis of affinity membrane chromatography
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Abstract

A mathematical model including convection, diffusion and Freundlich adsorption is developed. To examine the validity of the model, the
affinity membranes were prepared by coating chitosan on the nylon membranes, a ligand of poly-l-lysine was bound to the chitoan-coating
membranes, and the adsorption behavior of bilirubin through the stacked affinity membranes was investigated. The agreements between the
theoretical and experimental results are exceptional. Using our new model, we show that: (1) AsPeincreases, the breakthrough curves become
sharper. ForPegreater than 30, the effect of axial diffusion is insignificant; (2) Asm increases, the time of total saturation is delayed and the
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oading capacity at the point of breakthrough is increased; (3) Asndecreases, the time of total saturation is delayed and the loading cap
he point of breakthrough is increased; (4) Asr increases, both the time of total saturation and the loading capacity at the point of break
re increased; (5) adsorption rate influences the time of total saturation strongly but contributes little to the loading capacity.
2005 Elsevier B.V. All rights reserved.
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. Introduction

Affinity chromatography is a powerful biomolecules
urification method that is based on the specific interaction
etween immobilized ligands and target proteins. It is unique
mong separation methods as it is the only technique that
ermits the purification of proteins based on biological func-

ions rather than individual physical or chemical properties
1]. The affinity chromatography displays high specificity
ue to the strong interaction between the ligand and the pro-

eins of interest. However, it suffers from several technical
roblems including the compressibility, slow mass transfer
nd adsorption kinetics of the traditional particle media for
olumn chromatography, etc.[2–4].

In an effort to overcome the problems associated with the
ffinity chromatography, recently, affinity membrane chro-
atography has attracted much attention because the inte-
ration of membrane and affinity chromatography provides a

∗ Corresponding author. Tel.: +86 592 2185299.

number of advantages over traditional affinity chromato
phy with porous-bead packed columns, such as higher
rate, faster binding rate, lower pressure drop, higher pro
tivity and easier scale-up[5,6]. The highly efficient proces
of affinity membrane chromatography is based on the u
thin layers of finely organized and well-controlled macr
orous polymeric stationary phases in the form of rigid d
of 2–3 mm thickness[1,7]. As a result of the convective flo
of the solution through the pores, the mass transfer resis
is tremendously reduced. This results in rapid proces
which greatly improves the adsorption, washing, elution,
regeneration steps. Due to the macroporous structure
membrane support, affinity membrane chromatography
a lower pressure drop, higher flow-rate, and higher pro
tivity than column chromatography. The additional adv
tages of easy packing and scale-up, as well as the un
fouling/clogging, make membrane chromatography an
large-scale separation process for the purification and r
ery of proteins and enzymes[1,8].

In literatures, very few models have been developed s
to describe the transport phenomenon of affinity memb
chromatography, and the majority is obtained by modify
E-mail address:shiwei@xmu.edu.cn (W. Shi).
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the models of affinity chromatography. The Thomas model
[9] has been used frequently to describe the process of
affinity chromatography in a packed column. This model
involves Langmuir reaction kinetics as the rate-limiting step.
Without mass-transfer effects on column performance, the
overall rate of adsorption is only limited by the intrinsic
adsorption kinetics. It is suggested that, in membrane column
affinity chromatography, the Thomas solution can be used
when working with axial Peclet numbers greater than 40 and
radial Peclet numbers smaller than 0.04. Suen[10] proposed
a model including convection, diffusion and Langmuir
adsorption. In this model, the effects of axial diffusion, flow
velocity and sorption kinetics on separation performance
were discussed. It was found that axial diffusion, which is
insignificant in affinity column separation, may dominate
over convection at low flow rates or for thin membranes.
On the other hand, at high flow velocities, some solutes
may pass directly through the membrane without binding
due to slow sorption kinetics. Sorption kinetics was shown
to dominate affinity membrane performance. The frontal
chromatography of lysozyme on an affinity membrane of
cellulose–Cibacron Blue was studied by Liu and Fried
[11], using the membrane affinity chromatography model,
and they explored pore-size distribution and membrane
thickness-variation effects on column performance. From
their variation analysis, the effects of pore-size distribution
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data. Finally, system parameters were varied to evaluate their
effects on the performances of the system.

2. Theory

2.1. Adsorption kinetics

Langmuir was first to propose a coherent theory of adsorp-
tion onto a flat surface based on a kinetic viewpoint, i.e., there
is continual process of bombardment of molecules onto the
surface and a corresponding desorption of molecules from
the surface to maintain zero rate of accumulation at the sur-
face at equilibrium. The assumptions of the Langmuir model
are that surface is homogeneous, and adsorption energy is
constant over all sites. In fact, because the adsorbent surface
is often heterogeneous and/or interaction among adsorbed
molecules cannot be neglected, the heat of adsorption varies
with the surface coverage. The direct evidence of the solid
heterogeneity is the decrease of the isosteric heat of adsorp-
tion versus loading. This is because sites of highest energy
are usually taken up by adsorbate first and then sites of lower
energy are progressively filled[17].

The kinetics equation of Freundlich is

r = dcs = k cθ−b1 − k θb2 (1)
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a are
nd thickness variation for a membrane system are ver
ificant. Frontal chromatography membrane models, w

ail to account for extra-column effects, cannot be expect
escribe separation performance properly[12,13]. Suen an
tzel [14] extended the membrane affinity chromatogra
odel to study extra-column effects in membrane syst
heir results show that these effects are relevant for a p
escription of performance in these type of separation

heoretical analysis for frontal affinity chromatography
ollow fiber membranes has been also reported[13,15].

The equilibrium adsorption of a solute on an affinity ma
ased on the above models is often described simp

he Langmuir equation, with the assumption that single
omogeneous interaction occurs between the solute an

igand, and that nonspecific interactions promoted by the
ort are absent[13,16]. However, practical solids, due to th
omplex pore and surface structure, rarely conform to
undamental description, that is very often than not fun
ental adsorption isotherm equations such as the cla
angmuir equation do not describe the data well becaus
asic assumptions made in the Langmuir theory are not

ly satisfied.
In this paper, an affinity-membrane model based u

reundlich equation was developed. The affinity membr
ere prepared by coating chitosan on the nylon membr
ligand of poly-l-lysine was bound to the chitoan-coat
embranes, and the adsorption behavior of bilirubin thro

he stacked affinity membranes was investigated. The m
arameters were obtained by batch experiments, the
tility of the model was demonstrated using experime
dt
a0 A d0 A

here c and cs are the solute concentration in the fl
hase and concentration of solute–ligand complex in the
hase, respectively.

The fractional coverageθA can be defined as

A = Cs = cs

cl
(2)

herecl is the total adsorbed capacity.
At equilibrium, Eq.(1) reduces to the Freundlich mod

s = Kc(1/b) (3)

here,K= (kao/kdo)1/b andb=b1 +b2.

.2. Model

In the development of a model for the breakthrough c
f a macroporous affinity membrane, the flow of the lig
olution through the membranes is depicted inFig. 1. It is
ased on the isothermal sorption of a single ligate during

nar flow through a porous membrane onto which a ligan
mmobilized. The feed ligate concentration isc0. The ligate
olution has a concentrationc(z, t) with a constant interstitia
ow velocity v through a membrane of thicknessL, surface
reaA and void porosityε. In developing the model, the fo

owing assumptions are made: (1) the diffusion coeffic
D), viscosity (µ), and density (ρ) of the ligate solution ar
onstant; (2) mass transport may occur by axial conve
nd axial diffusion while other transport mechanisms, s
s radial diffusion, radial convection or surface diffusion,
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Fig. 1. Stacked flat-sheet affinity membrane model.

negligible; (3) fluid linear velocity is independent of concen-
tration and varies only with radius.

Based upon the assumptions cited above, a mass balance
over a section of the membrane gives the following continuity
equation[10]:

ε
∂c

∂t
+ εv

∂c

∂z
= εD

∂2c

∂z2 − (1 − ε)
∂cs

∂t
(4)

The basis for affinity separations is the formation of a
strong noncovalent bond between the ligand and ligate. The
interaction can be described by an equilibrium relationship
of the form:

Ligand+ ligate⇔ ligand− ligate

Assume that adsorption between ligand and ligate can be
described by kinetics equation of Freundlich, therefore

∂cs

∂t
= ka0c

(
cs

cl

)−b1

− kd0

(
cs

cl

)b2

(5)

The initial conditions are set such that there is no ligate in
the membrane.

Initial conditions:

c = 0 at z ≥ 0, t = 0 (6)
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For convenience, we can define the following dimension-
less variables:

τ = vt

L
(10)

ζ = z

L
(11)

C = c

c0
(12)

Cs = cs

cl
(13)

Pe = vL

D
(14)

m = (1 − ε)cl

εc0
(15)

n = (1 − ε)ka0L

εv
(16)

r = 1 + c0

Kd
(17)

Here Pe is the axial Peclet number;m is the ratio of
total adsorbed capacity to feed solute concentration;n is the
dimensionless number of transfer units;r is the dimension-
less separation factor which determines the maximum ligand
l
d tion
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C
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s = 0 at z ≥ 0, t = 0 (7)

The Danckwerts’ boundary conditions[18] are used t
ccount for dispersion at the front surface of the memb
nd complete mixing with only convection flow at the exi

he membrane.
Boundary conditions:

vc − εD
∂c

∂z
= εvc0 at z = 0, t > 0 (8)

∂c

∂z
= 0 at z = L, t > 0 (9)

In general, axial diffusion should be considered at
ntrance of the membrane because a step first-order s
lope exists there. When axial diffusion is insignificant,
approaches zero, Eq.(8) reduces toc=c0 at the entrance
hich is the case of a step input.
l

oaded onto the membrane matrix at equilibrium.Kd is the
issociation equilibrium constant of Freundlich adsorp
nd is equal tokd0/ka0.

After substitution of the dimensionless groups, E
4)–(9) become

∂C

∂τ
+ ∂C

∂ζ
= 1

Pe

∂2C

∂ζ2 − m
∂Cs

∂τ
(18)

∂Cs

∂τ
= n

m
CC−b1

s − n

m(r − 1)
Cb2

s (19)

Initial conditions:

= 0 at ζ ≥ 0, τ = 0 (20)

s = 0 at ζ ≥ 0, τ = 0 (21)

Boundary conditions:

− 1

Pe

∂C

∂ζ
= 1 at ζ = 0, τ > 0 (22)

∂C

∂ζ
= 0 at ζ = 1, τ > 0 (23)

The governing equations are a set of mixed differe
quations. Eqs.(18)and(19)are partial differential and no

inear differential equations, respectively, so they mus
olved simultaneously with the initial conditions and bou
ry conditions. We used the finite-difference method to s

he equations for the model of affinity membrane per
ance.
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3. Experimental

3.1. Chemicals and apparatus

Nylon membranes (47 mm diameter, 0.45�m pore
size) were obtained from Whatman (England). Chitosan
(Mr ∼40,000) was provided by Fluka (Swizerland). Poly-l-
lysine (PLL) and sodium cyanoborohydride were purchased
from Sigma (Germany). Bovine serum albumin (BSA) was
obtained from Beijing Chemical Reagent Company (China).
Bilirubin was purchased from Shanghai Weihui Chemical
Factory (China). The other reagents used were bought in
China.

A peristaltic pump (Model BT-100, Shanghai, China) was
used for the feeding of bilirubin solutions. The concentration
of bilirubin and albumin-conjugated bilirubin were deter-
mined using a 752N UV–vis spectrophotometer (Shanghai
Precision Instruments Co. Ltd., Shanghai, China). The mem-
brane cartridge (donated amicably from the Dalian Chemical
and Physical Institute, China) was used to load the membrane
stack.

3.2. Affinity-membrane preparation

3.2.1. Preparation of chitosan-coated membrane
n in
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Afterwards the membranes were washed with 1 M NaCl and
deionized water extensively.

3.3. Dynamic adsorption of bilirubin

The dynamic experiments were carried out in the cartridge
to investigate the breakthrough performance. Bilirubin-
phosphate buffer solution (200 mg/L) was impelled by peri-
staltic pump with two different flow rate (i.e. 4 and 6 mL/min)
to flow through the membrane stack (containing five over-
lapped membranes) in a single-pass mode. Then the amounts
of bilirubin through the membrane cartridge were measured
in succession with a spectrophotometer[19,21].

4. Determination of model parameters

4.1. The parametersε and D

The porosityε was measured by determining the amount
of water adsorbed by the membranes[22] and the axial
diffusion coefficientD was determined from experimental
measurements[23,24].

4.2. The parameter cl
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Nylon membrane disks (47 mm diameter) were shake
M HCl for 24 h at room temperature. After partial hydr
sis of amide bonds, the membranes were shaken in
v/v) epibromohydrin solution, pH 11, adjusted by NaO
t 60◦C for 10 h. After activation, the membranes w
ashed three times for 20 min with water at room tempera

19].
The activated membranes were shaken in 10 mL chit

olution (prepared by dissolving 0.15 g chitosan in 10
vol.% acetic acid solution) for 30 min at room temperat
he chitosan solution was then sucked through the m
ranes, which were subsequently incubated in an ov
0◦C for 10 h. Non-covalently bound chitosan was remo
y washing the membranes with 1 vol.% acetic acid solu
nd deionized water.

.2.2. Immobilization of PLL
An amount of 80 mg of sodium borohydride was d

olved in 12 mL 2 M NaOH. Then 20 mL of water and 4
f epibromohydrin were added. One chitosan-coated m
rane was shaken in epibromohydrin solution for 3 h at 50◦C.
inally, the membrane was washed at least three times
eionized water[19,20].

After activation, chitosan-coated membranes w
ncubated in 0.2 M sodium periodate for 90 min at ro
emperature. An amount of 60 mg sodium cyanobor
ride and 100 mg of PLL hydrobromide were dissolve
0 mL 0.1 M phosphate buffer and adjusted to pH 7.0.
eriodate-activated chitosan-coated membrane was

n PLL solution and shaken overnight at room tempera
PLL-attached membranes were equilibrated by sha
n saturated bilirubin-phosphate buffer solution. The am
f bilirubin adsorbed on membranes (mb) was measured b
pectrophotometry at the wavelength of 438 nm. Then,cl can
e calculated by

l = mb

AL(1 − ε)Mb

(24)

hereMb is the molecular weight of bilirubin.

.3. The parameters Kd and b

We have applied Freundlich adsorption isotherms
he description of the adsorption mechansim for biliru
n PLL-attached membrane[19]. Fig. 2 shows the linea
elationship of the Freundlich isotherm for the adsorp
f bilirubin with PLL-attached membranes, whereq is
dsorption capacity (mg) of bilirubin;X is the weight of the
embrane in grams;c is the bilirubin concentration. Fro

his figure and the value ofcl , we can obtained the values
andb. Thus the value ofKd can be easily calculated fro

ts definition.

.4. The parameters b2 and kd0

After adsorption of bilirubin onto the PLL-attached me
ranes, the membranes which have been known the am
f adsorbed bilirubin were shaken in BSA solution at 37◦C.
oncentration of BSA-conjugated bilirubin was measu
y spectrophotometry at the wavelength of 460 nm at a g

nterval. BSA (Albumin) is known to be natural carriers
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Fig. 2. Freundlich adsorption isotherm of PLL for bilirubin at 37◦C.

bilirubin. It is generally agreed that each albumin molecule
can bind two bilirubin molecules strongly[21,25], so the
bilirubin molecules desorbed from the membranes will be
bound albumin molecule immediately. Therefore, the Eq.(5)
can be written as

dcs

dt
= −kd0

(
cs

cl

)b2

(25)

By carrying out integration, one obtains

c1−b2
s = c1−b2

s,0 − kd0(1 − b2)

cb2
l

t (26)

Because

δcs,i = cs,i+1 − cs,i−1

2�t
≈ dcs,i

dt
= −kd0

(
cs

cl

)b2

(27)

Then

log (−δcs,i) = b2 log cs,i + (log kd0 − b2 log cl ) (28)

As shown inFig. 3, a straight line is obtained by plotting
log (−�cs,i) as a function of logcs,i. From slope and intercept
of the line, the values ofb2 andkd0 are obtained. Further-
more the values ofb1 andkao can be calculated through the
equations ofK= (ka0/kd0)1/b andb=b1 +b2.

Table 1
The parameter values for the model

ε c1 (mol/L) Kd (mol/L) D (m2/s)

0.62 0.026 8.2× 10−5 1.18× 10−9

b1 b2 kao (1/s) kd0 (mol/L s)
0.57 1.49 1.58 1.29× 10−4

The values of parameters obtained are shown in
Table 1.

5. Results and discussion

Most affinity separations are operated in the frontal analy-
sis mode. This includes continuous flow of the ligate solution
into the inlet until a breakthrough occurs as indicated by
detection of the ligate at the system outlet. The plot of efflu-
ent concentration of the ligate versus time or throughput
volume is called the breakthrough curve. In this model analy-
sis, dimensionless breakthrough curves where dimensionless
effluent concentration is plotted versus dimensionless time
were used. Breakthrough and saturation are defined as that
points where the exit ligate concentration in the fluid phase
equals 10 and 99% of the inlet concentration, respectively.
The loading capacity is defined as the amount of ligate bound
to the membrane at the point of breakthrough.

5.1. The effects of model parameters on breakthrough
curve

The effect of axial diffusion is represented by the axial
Pelect number,Pe. The breakthrough curves for differentPe
are illustrated inFig. 4. At low Pe, the axial diffusional flux is
v g the
a rves
a d the
l d. As
P For
g nt.

F urve
(
Fig. 3. Curve of log (−δcs,i) − logcs,i .
ery high so that concentration of ligate is dispersed alon
xial direction. Under this condition, the breakthrough cu
re broadened, the time of total saturation is delayed an

oading capacity at the point of breakthrough is decrease
eincreases, the breakthrough curves become sharper.Pe
reater than 30, the effect of axial diffusion is insignifica

ig. 4. The effect of axial diffusion on the shape of the breakthrough c
m= 38.57;n= 23.36;r = 5.52;b1 = 0.8;b2 = 1.5).
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Fig. 5. The effect of ratio of total ligand capacity to feed concentration on
the breakthrough curve (Pe= 10;n= 23.36;r = 5.52;b1 = 0.8;b2 = 1.5).

Axial diffusion should be important only for thin mem-
branes. As the membrane thickness increases,Pe also
increases, and the effect of axial diffusion decreases to a neg-
ligible level. If the membrane thickness is increased in a given
affinity membrane system,Peincreases with the square of the
membrane thickness. The relationship can be derived with all
other parameters held constant by substituting Eq.(16) into
Eq.(14). This is in accordance with the model of Suen[10].

The model parameterm is the ratio of maximum capacity
of ligate adsorbed on the ligand to feed solute concentration.
A largemcorresponds to a small feed concentration or a large
capacity of ligate adsorbed. When all other parameters are
set constant, the parametermmainly shows the effect of lig-
and capacity on the breakthrough curves. The breakthrough
curves for differentmare shown inFig. 5. Asm increases, the
time of total saturation is delayed and the loading capacity at
the point of breakthrough is increased.

The dimensionless number of transfer unitsn is propor-
tional to ka0. The effect ofn on the breakthrough curves is
shown inFig. 6. As n decreases, the time of total saturation
is delayed and the loading capacity at the point of break-
through is increased. Whenn= 1, the breakthrough curve has

F curve
(

Fig. 7. The effect of the separation factor on the breakthrough curve (Pe= 10;
m= 38.57;n= 23.36;b1 = 0.8;b2 = 1.5).

been metamorphosed severely. We argue that this results from
the small adsorption velocity of the ligate on ligand, so the
membrane is easily penetrated through.

The dimensionless separation factor,r, which determines
the maximum ligand loaded onto the membrane matrix at
equilibrium is proportional to feed solute concentration, and
inversely proportional to the dissociation equilibrium con-
stant of Freundlich adsorption. The breakthrough curves for
different r are illustrated inFig. 7. As r increases, both the
time of total saturation and the loading capacity at the point
of breakthrough are increased. This is because of adsorption
capacity is proportional tor.

The effects ofb1 andb2 on the breakthrough curves are
shown inFigs. 8 and 9, respectively. Asb1 andb2 decrease,
the time of total saturation is delayed. But the loading capac-
ity at the point of breakthrough is nearly independent ofb1
andb2. From Eq.(5), we know that adsorption rate decreases
asb1 andb2 (b=b1 +b2) decrease. Therefore, it is reason-
able to conclude that adsorption rate influences the time of
total saturation strongly but contributes little to the loading
capacity.

F
m

ig. 6. The effect of the number of transfer units on the breakthrough
Pe= 10;m= 38.57;r = 5.52;b1 = 0.8;b2 = 1.5).
ig. 8. The effect ofb1 on the shape of the breakthrough curve (Pe= 10;
= 38.57;n= 23.36;r = 5.52;b2 = 1.5).
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Fig. 9. The effect of b2 on the shape of the breakthrough curve (Pe= 10;
m= 38.57;n= 23.36;r = 5.52;b1 = 0.8).

Fig. 10. The comparison between the model prediction and experimental
data.

5.2. Model simulation

The values of parameters have been given inTable 1.
The comparison between the theoretical predictions and
the experimental results is shown inFig. 10 for bilirubin
adsorption by the PLL-attached affinity membrane. It can
be seen that the prediction is consistent with the experimen-
tal data. FromFig. 10 we can see that: when� < 0.6, the
model predictions are in good agreement with the exper-
imental data, and when� > 0.6, the relative error between
the theoretical and experimental data increases. The practi-
cal breakthrough curves are gently broader than theoretical,
and the time of total saturation of practical breakthroughs is
delayed compared with the model predictions. The deviation
of the breakthrough curves between the model predictions

and experimental data may be due to the following reasons.
The membranes may have some dead volume which cannot
be reached by convective flow. When membranes are stacked,
more dead volume may also be created. The adsorption of the
ligand in the dead volume would be limited by the slow dif-
fusion of the ligate through the dead space.
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